Linear Time-Invariant Systems

Jiwook Kim

Signal for Y7[n]

1. Let T T T
4+ ° |
x[n] = d[n] + 20[n- 1] - d[n- 3]
h[n] = 26[n + 1] + 24[n- 1].
Compute and plot each of the following convolutions: 2 s
(a) Yi[n] = x[n] * h[n] >~
Equation for convolution for discrete and continuous 0 ° b
cases
+ e I
vnl = > x[klhln — k] = x[n] = h[n) o |
ke \ \ \ \ \ \
= -1 0 1 2 3 4
vty = j (Tt — TidT = x(t)* hit) ;

2. Consider the signal
Convolution Summation or Superposition summation for

Yi[n] = x[n] * h[n]

n—1

hin) = % uln + 3] — ufn — 10]
D ohe oo [ — k] % hK]

h[k] is only defined at k = 1 and k = -1 because of Express A and B in terms of n so that the following
equation h[n] = 24[n + 1] + 24[n- 1]. equation holds:

Y1[n] = x[n+1] h[-1] + x[n-1] h[1]

Yi[n] = x[n+1] h[-1] + x[n-1] h[1] hin— k] = 05" k1 A<k<B
Yi[n] =2 * x[n+1] + 2 *x[n-1] 0 elsewhere
Yi[n] = 2 (x[n+1] +x[n-1])

First,
Find [n+1] and x[n-1]
Since x[n] = d[n] + 2d[n- 1] - §[n- 3] 0 for n<-3

un+3l—un—-100=¢1 -3<n<9

X[n"f‘l] = 6[n+1] + 2(5[11] - 5[1]— 2] 0 for n>10
x[n-1] = 6[n-1] + 20[n-2] - &[n-4]
Plug in x[n+1], x[n-1] to Y3 [n] For h[k]
Yi[n] = 2 (§[n+1] + 26[n] - O[n- 2] + S[n-1] + 20[n-2] Bk 0551 3<k<9
- O[n-4]) k] = 0 elsewhere
Yi[n] = 26[n+1] +46[n] +26[n-1] +25[n-2] - 26[n-4]

For h[-k]

h—k] = 05751 9<k<3
0 elsewhere



For h[n-k] Signal for Y'[n]

T T T
2 [ . ° ] ® |
0.5""F=1 n-9 < k < n+3
Wi — k] = n-9 <k <n sl ° |
0 elsewhere : °
1.6 =
>~ ®
Therefore, L4} N
A =n9
B =n+3 1.2 8
3. Consider an input x[n] and a unit impulse response 11 .
h[n] given by T
0 2 4 6
t
x[n] = 0.5"’2u[n - 2] 4. Determine and sketch the convolution of the following
two signals
t+1 0<t<1
x(t)=<2—t 1<t2
0 elsewhere
hln] = u[n + 2] hlt] = 6[t + 2] + 20[t + 1]
For0 <t<1
Determine and plot the output y[n] = x[n] * h[n]. it(ot):_o |
Convolution equation at(1t)=_ 12
z[n] xh[n) =3 ro_ x[n — k| xh[k] XM=
S 0572 Fuln — 2 — K] % ulk + 2] For I<t<2
& att=1
It is defined from when k =2 because of equation h[k] Zt(lt)—zzl
= u[k+2] x(2) = 0
y[nl=Y"pr 505" 2 Fyln — 2 — k]
41 |
ylnl= Y322, 0572k
ylnl= >=5_, 0.5" 30 :
Equation for geometric progression series = 21 |
a(l —r™)
1—r 1 |
Therefore,
(1-0.5™)
= v/ 0 :
Y =05 ~1 0 1 2 3

y(n) = 2% (1 —0.5") u[n] t



y(® = x(t) * h(t)
y(t) = x(O(0[t + 2] + 26[t + 1])

Since x()*0[t + to] = x[t + to) t+3 2<t<-l
t+4 -1 <t<0
t) = x(t+2) +2x(t+1 t)=z2(t+2)+2z(t+1) = -
¥(O) = X(142) +2x(t+1) yO =+ 42+ =9,
A ‘ 0 elsewhere
3 N 41 s
~ =
+ +
N 2 — z Y= |
8 S
+
~
1 — + 21+ |
&l
0 | | Il .
-2 -1 0 1 =
t
| |
0 -2 -1 0 1
4 ) t
5. Let
3 | x(t) = u(t- 3)- u(t- 5) and h(t) = e—3tu(t).
. (a) Compute y(t) = x(t) * h(t).
—
+
= ol 1y =x® * ha.
S
N (oo}
y(O = [Z x[n — 7]+ h[r]dr
Ly 1 yO = [ u(t—3— 1) —ult — 5 — 7)]eStu(t)dr
0 ‘ Since u(t) is defined from when t = 0
~2 —1 0 1 2 YO = [ [u(t=3—7)—u(t —5-7)edr
for3 <t<5
t+1 0<t<1 y(t) = fot—3 e=3tdr
z(t)=4{2—t 1<t<2
e~ 3t t—3
0 elsewhere yO = 55|,
y© = -5(e77079) —1)
t+3 2<t<-1 y(t)=%(1—€_3(t_3)) for3<t<5
x(t+2)=< —t -1 <t<0
0 elsewhere fort <5
y(t) = ::53 e Stdr
2t+4 -1<t<0 - e 3
* - = yO =-S5

2e(t+1)=<2-2t 0<t<l
0 elsewhere y(t) = _%(673&—3) _ 673(#5))



y(© = (e 3079 —e=3073)) for t < 5

0 o<t < 3
o(6) = 1/3(1-e=3(t=3)) 3<t< 5

1/3(e 305 — =30(=3)) < 5

0 elsewhere

6. Compute g(t) = (dx(t)/dt) * h(t).

x(t) = u(t —3) —u(t —5)

o) = 2O
d 5t
9(t) = [ * (u(t = 3) —u(t = 5))] x e™"u(t)
, d
Smceau(t) =4(t)

oo

z[t — 7] * hlr]dT

g(t) =z(t) x h(t). = /

guyzlf5@-3-ﬂ-@@-5—7m7Mf%Mﬂ
9(t) = /_OO 6(t—3—7)dr* e 3Tu(r)
— /°° §(t =5 —7)dr * e 3Tu(r)

g(t) = e300yt — 3) — e 3Oy (¢ — 5)

Since
x(t) * §[t — to]dt = x(to)

Q.7: 2.13 Consider a discrete-time system S; with impulse
response

hln]

(a) Find the integer A such that h[n] - Ah[n-1] = §[n].
Since

uln — 1]

Plug in h[n-1] = n_lu[n-l] to h[n] - Ah[n-1] = §[n]

(S

(b) Using the result from part (a), determine the impulse
response g[n] of an LTI system S, which is the inverse
system of 5.

MM—%Mn—Hz&M

Definition of inverse system

hln] * g[n] = é[n]

Convolution of any signal is impulse is the signal itself

AInl[5Tn] — £l —1]] = 3T

Thus,



8. Which of the following impulse responses correspond(s)
to stable LTI systems?
(@) hi(® = e~ =2Du(0)

A system is said to be stable if the impulse response
of the system is absolutely integrable.

00
/ |h1|dt < 0

— 00

/ e~ (=20t (1) |dt < oo

/ =420ty (1) | dt

Since the magnitude of the sum of a set of numbers is no larger
than the sum of the magnitudes of the numbers, the equation is

I | h(T)x(t — 7)dTt

ly(@)|

= J \h(T)||x(t — T)|dT

oo . oo .
/ |e‘t+2]tu(t)|dt < / le™®| * \e2jt| * |u(t)|dt
— 00

— 00

e2t = cos(2t) + jsin(2t)

|€%7t| = \/cos2(2t) + jsin2(2t)

o0 (e ]
/ o=+ 1% u(t)|dt = / et |at
oo 0

> o0
/ e tdt = —e*t|0
0

/ =42ty (1)]dt < 1

— 00

Since the system is absolutely integrable, system is stable.

9. Consider a causal LTI system whose input x[n]
and output y[n] are related by the difference equation

yln] = qyln — 1] + =[]

Determine y[n] if
z[n] = dn — 1]

il = {1 n=1

0 elsewhere

Since the System is casual
y[n] = 0 for n<0

yln] = gl — 1]+ 60— 1

yl0] = 3010 = 1]+ 80— 1] = Jyl-1] + (1]

Since
0[-1]=0,y[-1] =0
0] = 0 +0=0
y[1] = Sy[1 = 1] +6[1 — 1] = —y[0] + 5[0]
Since
S[0]=1,y[0] =1
y[l] = 30 +1=1
y[2] = 7y[2 - 1] +6[2 - 1] = _y[1] + 4[1]
Since

o18] = Jul3 — 1]+ 013 — 1) = Zul2] + 312



Since

Since

y[n] exist from when n =1 thus, equation is

n—1

yl =1 ul—1]

Thus, gvhen x[n] = d[n - 1], the output of casual LTI system
is 1" ufn — 1]

10. Evaluate the following integrals:

(a) -
/_ ug(t) * cos(t)dt
uo(t) = 249 — s

Integration only exists when t=0, thus [*_ug(t)  cos(t)dt
exist only when t = 0

/Oo O[t] * cos(t)dt = 8[0] * cos(0) =1x1=1

— 00



